Abstract: Coherent backlight is an essential component for holographic displays. In this paper, a compact design of edge-lit coherent backlight featuring two holographic optical elements for two-dimensional beam expansion is presented. Its diffraction efficiency is numerically studied using the coupled-wave theory. In experiments, the diffraction efficiency is measured as 4.3% and the feasibility of this design is verified by reconstructing 3D images with a spatial light modulator. holographic display using azo-dye-doped liquid crystal," J. Disp. Technol. 10(6), 438-443 (2014).
Introduction
Holography is considered as an ultimate three-dimensional (3D) technique because it can exactly reconstruct the wavefront and thus render a 3D scene naturally [1] [2] [3] . Holography is a technique based on interference, which requires high coherence of light. Thus lasers are the optimum light sources. In current holographic display systems, the laser beams are expanded to a proper size using lenses groups [4] . These optical components are usually too bulky to be applied in consumer electronics, especially for flat-panel display devices. In order to address this issue, a coherent backlight with a compact form factor is necessary to realize flat-panel holographic displays.
Although some efforts have been made on compact expanders for lasers using optical folding method or edge-illuminated holograms [5] [6] [7] [8] [9] , they can only expand the beam in one dimension. In another compact beam expander introduced by Revital et al. [10] , the output are discrete multiple light spots which cannot be used as an entire plane wave. In our previous work, Xiong et al. [11] proposed a two-dimensional coherent backlight design using a scattered wave to read out a reflection hologram. Nevertheless, its diffraction efficiency (DE) is as low as 0.3%, which is a critical problem to resolve towards practical applications.
In this paper, we analyze the factors limiting the DE of the system proposed in [11] with coupled-wave theory. The low DE in the previous design [11] was mainly caused by the random phase of the scattered wave. Moreover, a coherent backlight design is proposed that can improve the DE to ~4.3%, which is one order in magnitude higher than the previous result [11] . In our design, the first holographic optical element expands beam spot in the vertical direction and the second holographic optical element expands the beam in the horizontal direction. As a result, a two-dimensional expansion is achieved. To verify the feasibility, 3D holographic images are reconstructed using this coherent light.
Flat-panel coherent backlight design

Theoretical analysis and numerical results
The coherent backlight structure in [11] was based on the principle of holography. In that work, a volume hologram was formed by a scattered wave and a plane wave, and then the scattered wave was used to reconstruct the plane wave. The DE, defined as a ratio of the intensity of the reconstructed plane wave to that of the incident scattered wave, is about 0.3%, which is too low for practical applications.
The analytical solutions of DE using Kogelnik's coupled-wave theory [12] is derived in the Appendix. The numerical result of DE using a scattered wave to reconstruct a plane wave is shown in Fig. 1 (red triangular line) . On the other hand, the numerical result of DE using a set of plane-wave components to read out a plane wave is plotted in Fig. 1 (black circular line).
As one can see from Fig. 1 , there is a periodical correlation between DE and position z inside the hologram. The DE is considered in the case that z is equal to the thickness of the hologram, in both simulation and experiment. The DE for a transmission volume phase grating under Bragg condition can be written as [12] :
where φ is the phase modulation, n 1 is the amplitude of refractive index modulation, d is the thickness of the hologram, and θ is the Bragg angle of the incident light within the material. The simulated hologram is recorded by a plane wave and a scattered wave which can be regarded as the superposition of multiple linear gratings. As the position z inside the hologram varies, the phase modulation of each grating changes, which leads to a varied DE. Fig. 1 . DE of the hologram [11] versus distance in z-axis. Z-axis is defined in Fig. 9 in Appendix.
The result (red triangular line in Fig. 1 ) is higher than the experimental result (0.3%) [11] because many other factors are not considered in this model, such as reflections from the interfaces, vibrations of the platform and so on. However, one can still find out that the random phase of the scattered wave results in a significant decrease in DE as in Fig. 1 . In the hologram, the refraction index modulation is the superposition of that of multiple gratings. Each grating has a random phase shift which is uniform in probability statistics as each planewave component in scattered wave has a random phase. Consequently, the total refraction index modulation is averaged out, resulting in low DE.
Schematic flat-panel backlight setup
To improve the DE, a wave without random phase can be used to replace the scattered wave. We use two holographic optical elements (HOEs) to expand a laser beam in two dimensions to achieve both compact structure and higher DE. The schematic drawing of the proposed flat-panel backlight design is depicted in Fig. 2 . It consists of two HOEs, which are essentially two linear gratings. The first HOE H 1 is used to expand a laser beam in the vertical direction as an elongated beam, which is further expanded in the horizontal direction by the second HOE H 2 . Therefore, two-dimensional beam expansion is realized, and the expanded beam is coherent and uniform, which could be used as the backlight for holographic displays. The slant angles of the HOEs α and β should be properly set to guarantee a compact form. The propagation direction of undiffracted wave is perpendicular to the diffracted direction to reduce disturbance. All the other higher diffraction orders are negligible since both two HOEs are transmission volume holograms [12] . To avoid Bragg mismatch and to achieve high DE during the process of reading, the reading beam, H 1 , and H 2 should be firmly fixed relative to each other. It should be noticed that H 1 and H 2 are not equivalent to two mirrors, through which the shape and size of the laser beam keep unchanged upon the mirror reflection. Moreover, the HOEs can diffract light wave to pre-defined directions, while the mirrors can only reflect light wave in the direction that is symmetrical to the incident direction.
Experiments and results
A proof-of-concept experiment is carried out to prove the feasibility of the proposed backlight. Furthermore, the expanded wave is projected onto a spatial light modulator (SLM) (PLUTO, Holoeye) to display holographic 3D images.
We use two plane waves to record the HOEs as both of them are linear gratings. The material used in the experiment is polymer dispersed liquid crystal (PDLC) [13] , which comprises 50 wt%: 35.4 wt%: 13 wt%: 1 wt%: 0.6 wt% of liquid crystal 5CB (HCCH): TMPTA monomer (Aldrich): N-vinylpyrrollidone (Aldrich): N-phenylglycine (Aldrich): Rose Bengal (Aldrich). The uniform PDLC mixture is injected into an empty cell, whose thickness is controlled by 30-μm Mylar spacers. Figures 3(a) and 3(b) illustrate the experimental setups for H 1 recording and reconstruction, respectively. In Fig. 3(a) , light derived from a 488 nm laser is set to spolarization to ensure high interference efficiency as the recording angle is almost 90°. The reference beam is emitted from the laser with a diameter ~0.1 cm and the area of the spot is ~0.0079 cm 2 . The slant angle α of H 1 is ~6° which enables the reference beam to illuminate an elongated elliptic area (~0.075 cm 2 ) on H 1 . In addition, the object beam is expanded to 1 cm in diameter by a conventional beam expander in Fig. 3(a) . The intensities of both recording waves are 2 mW/cm 2 on H 1 , and the exposure time is 1 min. In Fig. 3(b) , the object plane wave is blocked by a black board and the reference beam reconstructs a collimated elongated beam, which further interferes with another plane wave in H 2 recording process. As shown in Fig. 4(a) , the collimated elongated beam with an area of ~0.075 cm 2 is reconstructed by the reading beam. The intensity of the collimated elongated beam is almost uniform, as shown in Fig. 4(b) . The power of the elongated beam is measured to be 0.033 mW when the power of the reading beam is 0.158 mW. The DE of H 1 is 21%, defined as the ratio of the power of the reconstructed collimated elongated wave to that of the reading beam. We use the collimated elongated wave generated by H 1 as the reference beam, and a circularly expanded beam from a conventional beam expander as an object beam, to record H 2 as shown in Fig. 5(a) . Because the interbeam angle is ~90°, both waves are set to spolarization to maximize the interference efficiency. The slant angle β of H 2 is ~6°, and the collimated elongated wave illuminates a circular area (~0.7 cm 2 ) on H 2 . The object plane wave is expanded to 1 cm in diameter. The intensities of both recording waves are 1 mW/cm 2 , and the exposure time is 2 mins. Figure 6 (a) shows the reconstructed expanded beam with a power 0.0068 mW when the power of the reading beam is 0.158 mW. Figure 6(b) is the normalized intensity distribution. The definition of the total DE is the ratio of the power exiting H 2 to the incident power on H 1 . The DE is measured to be 4.3%, which is one order of magnitude higher than our previous result in [11] . However, the expanded plane wave is round or elliptical in shape while the shape of SLM is rectangular which implies part of the output wave cannot be used. Both H 1 and H 2 are PDLC cells with sizes of 2 cm × 2.5 cm. The size of the proposed compact beam expander is measured to be 2.5 cm × 2.3 cm × 0.5 cm in the proof-of-concept experiment. Moreover, for practical applications, the thickness of 0.5 cm could be reduced to 0.1 cm with optimized design, which is orders of magnitude lower than that of the lenses based conventional beam expander, while the laser beam is expanded to a plane wave with a diameter of 1 cm. Each HOE in our system is a transmission volume hologram. It is known that the DE of a volume hologram can reach ~90%. However, the DE of each HOE in the experiment is ~21%, which can be attributed to the following reasons.
Firstly, part of the energy of the reading beam could be absorbed by the residual photoinitiator Rose Bengal (RB) in the PDLC cell in the reconstruction process. Suppose that the scattering can be neglected, the transmittance T of a PDLC film cured between two glass plates can be estimated as [14] :
where R is the reflectance at a single air-glass interface, l is the light path length through the medium, α is the absorption coefficient. To measure the transmittance, a PDLC cell is exposed under uniform light for 3 minutes. The reflectance R is estimated to be ~4% as the refractive index of glass is ~1.5 according to Fresnel law [15] . The transmittance is measured to be ~67% while the reading beam (488 nm, s-polarization) is normal incident on the PDLC cell. In this case, the path length of the beam in the medium is equal to the thickness of the PDLC cell (20 μm). Therefore the absorption coefficient can be calculated to be ~164cm −1 . The absorption could be decreased by reducing the ratio of RB in the PDLC cell.
Secondly, the reflection on the interfaces should be considered in the reconstruction processes of HOEs H 1 and H 2 . The reflectance is almost 40% while the incident angle of the reading beam is ~84° when the reading beam illuminates on H 1 or H 2 . This is due to the refractive index mismatch between different layers, and the large incident angle. This issue could be solved through anti-reflection coating or refractive index matching process between multiple layers.
Thirdly, according to the work reported by Qi et al. [16] , the grating cannot be formed perfectly in PDLCs when the grating pitch is on the order of hundreds of nanometers. In the experiment, the grating pitch of each expander is ~400 nm, implying that the formation of the grating could be incomplete.
One can predict that the DE of each HOE could be enhanced to ~49% in case of lower absorption of the material, and if the anti-reflection issue is properly solved. Therefore the total DE could be improved to ~24%, higher than the optical efficiencies of conventional liquid crystal displays (LCDs).
The reconstructed expanded beam is projected onto the SLM loaded with a computer generated hologram (CGH) to achieve holographic displays. The CGH based on Kinoform algorithm [17] is also used in the previous work [11] . The reconstructed 3D image consists of a letter 'A' located at 2 m away from the SLM, and a letter 'B' located at 1 m away from the SLM. As shown in Fig. 7 , we use the conventional beam expander and the proposed compact beam expander to generate expanded collimated beams, which are incident onto the SLM to read out the holographic 3D images, respectively. In Figs. 7(a) and 7(b), one can see that when the camera focuses on one letter, that letter is clear in focus, while the other is out of focus, thus becoming blurred. As seen in Figs. 7(c) and 7(d), there is a little distortion in the 3D images formed by the reconstructed expanded beam. The reasons for the degradation in image quality could be the phase distortion of the output wavefront induced by the scattering of PDLC. Simulations are performed to estimate the phase distortion in the output wavefront.
The distorted phase distribution is modeled by random Gaussian distribution, which can be written as N(μ, σ 2 ) [18] , where μ is mean of the distribution and σ is its standard deviation. For simplicity, the mean μ of the Gaussian distribution is set to 0 in the simulation. And we use Gaussian distributions with different standard deviations to describe the distortion degrees in phase. As shown in Fig. 8 , we numerically reconstruct 3D images using reading beams with different Gaussian distributions in phase. As the standard deviation of phase distribution becomes larger, the image quality becomes lower. By comparing with Fig. 8 , the slight degradations in Figs. 7(c) and 7(d) mean that the phase of the output wave from the backlight is close to that of an ideal plane wave. Thus, the results verify the feasibility of our proposed method.
Conclusions
In summary, we have analyzed the DE of the design proposed in [11] based on Kogelnik's coupled-wave theory [12] . The random phase of the scattered wave is an important reason for the low DE according to the numerical results. To improve the DE, a coherent backlight using two HOEs is proposed and experimentally verified. The proposed backlight is to use a collimated elongated wave to replace the scattered wave. A laser beam spot with a size of ~0.0079 cm 2 is expanded to a beam with a size of ~0.7 cm 2 in the experiment while the slant angles of both the HOEs are ~6°. The DE of each grating is ~21% and thus the total DE of the system is ~4.3%, which is one order in magnitude higher than the previous result [11] . In addition, holographic 3D images are formed with SLM using the reconstructed expanded beam. Our results suggest that the proposed backlight has a possibility to be used in the flatpanel holographic displays. Suppose that the reference scattered wave consists of L plane-wave components as shown in Fig. 9 . The entire field in the hologram can be written as [21] ( )
where E 0 and L l = 1E l represent the object plane wave and the scattered wave, respectively. ω is the angular frequency, and A l and k l are the complex amplitude and the wave vector of lth plane-wave component in the sample, respectively.
During the recording process, L+1 waves interfere with each other and there are L(L+1)/2 gratings recorded in the hologram. In the reconstruction process, wave propagation in the hologram can be described by Helmholtz equation according to [21] ( )
where k = 2π/λ 0 , λ 0 is the wavelength in air, n 0 is the average refraction index in the sample, n g and K g are the amplitude of refraction index modulation and wave vector of the g-th grating, respectively. According to Kogelnik's coupled-wave theory [12] , the Bragg's condition can be written as
where k p and k q are the wave vectors in the sample, and the subscript p (q) and the subscript g go over the plane-wave components and the multiple gratings, respectively. Assume that the wave vectors of the object plane wave and the reference scattered wave are perpendicular to y-axis, and the object plane wave is normally incident onto the sample and propagates along z-axis. By substituting Eq. (3) into Eq. (4), we have
where n lm is the amplitude of refraction index modulation of the grating that is formed by wave E l and wave E m , k lz is the z component of wave vector of l-th plane-wave component. Note that the complex amplitude A l is a function of z only [12] in Eq. (6) . And only the terms that satisfy Bragg's condition (Eq. (5)) are included in Eq. (6) according to [12] . The physical picture of the reconstruction process is described by Eq. (6). One can see that a plane-wave component varies in amplitude along z as coupling to the other waves. The amplitude of each wave can be calculated by solving Eq. (6) in the diffraction process.
With the assumption in the direction of propagation, the wave vector components of the object plane wave can be obtained k 0x = k 0y = 0, k 0z = 2π/λ, where λ is the incident wavelength in the sample. To simplify the simulation, we assume that all the wave vectors of the planewave components in the scattered wave are perpendicular to y-axis. Therefore we have k ly = 0 (l=1~L) for all the plane-wave components in the scattered wave. Suppose that the angles between wave vectors of the plane-wave components in the scattered wave and axis z are from 1° to L°, then k lz = (2π / λ)cosl° (l=1~L).
The ratio of the intensity of the scattered wave to that of the object plane wave is 1:1 during the recording process, and we assume that the intensity of each plane-wave component in the scattered wave is 1. Therefore the intensities of the waves can be written as: |E 0 | 2 = L, |E l | 2 = 1 (l=1~L). For a grating, the amplitude of refraction index modulation is proportional to the square root of the intensity product of the object wave and the reference wave (n 1 ∝2
O R I I ) according to [21] , where I O and I R are the intensities of object beam and reference beam, respectively. Thus one can obtain the amplitudes of refraction index modulations: 10 10 ( 1~, 0) ,
where n lm is defined in Eq. (6) . n 0 = 1.528, n 10 = 0.02 are used in the simulation according to the characteristics of polymer dispersed liquid crystal [22] . The thickness of hologram d is 50 μm, while L is set to 10 in the simulation.
